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Boundary Conditions and Modes
of the Vertically Hanging Chain
Y. Verbin ∗
Department of Natural Sciences, The Open University of Israel
Raanana 43107, Israel
The hanging chain is a very instructive system for demonstrating more advanced
methods and ideas for the analysis of normal modes of one-dimensional systems, beyond
the standard ordinary (horizontal) string. Accordingly, the normal modes of the hanging
chain are analyzed with several cases of boundary conditions and are compared to the
ordinary vibrating string.
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1 Introduction
Transverse waves in the hanging chain are frequently studied in texts of classical me-
chanics or wave theory [1, 2] and in several papers, usually generalizing the system in
various directions [3, 4, 5, 6, 7, 8, 9]. The basic situation is of a (continuous) chain with
an upper fixed end and a lower free one and the normal modes and the corresponding
angular frequencies (which we will call simply “frequencies”) are the main subject of
interest.
This is actually a special case of the more general situation described by the one-
dimensional wave equation for a string with a non-uniform mass density (per unit length)
ρ(x) and a tension T (x):
ρ(x)
∂2ψ
∂t2
− ∂
∂x
(
T (x)
∂ψ
∂x
)
= 0. (1.1)
The case of the hanging uniform chain reduces to the wave equation with a constant
mass density and a linearly increasing tension T (x) = ρgx with the additional conditions
that the chain is free at its lower end x = 0 and fixed at its upper end x = L.
More explicitly, the wave equation for this case becomes
∂2ψ
∂t2
− gx∂
2ψ
∂x2
− g∂ψ
∂x
= 0 (1.2)
and the normal modes u(x) defined by ψ = u(x) cos(ωt) solve the equation
gx
∂2u
∂x2
+ g
∂u
∂x
+ ω2u = 0. (1.3)
The usual procedure is to transform this mode equation to Bessel equation with index 0
z2u′′ + zu′ + z2u = 0 (1.4)
by x = gz2/4ω2 and to argue that since Y0(z) is singular at z = 0, the normal modes are
given by J0(z) only.
From a pedagogical point of view, all these discussions are lacking a decent comparison
of the situation with the more well-known situation of standing waves in an ordinary
(constant tension T ) string with either free or fixed boundary conditions. The normal
frequencies in the latter situation result from imposing boundary conditions (BC) at
both ends. E.g: imposing u(0) = u(L) = 0 yields the following set of frequencies:
ωn =
√
T
ρ
pi
L
n , n = 1, 2, 3... (1.5)
1
while imposing u′(0) = u(L) = 0 yields a different set:
ωn =
√
T
ρ
pi
L
(
n− 1
2
)
, n = 1, 2, 3.... (1.6)
The situation of the hanging chain is different in that the normal frequencies result from
a single boundary condition at x = L (or z = z¯ ≡ 2ω
√
L/g) only. Actually this is not
completely true, since the information about the other end is hidden in the decision to
discard the Y0(z) contribution.
Anyhow, we were unable to find any analogous discussion about the other BC for the
chain, namely the case of a fixed lower end. This is the direction we intend to proceed in
this note: analyze the normal modes of the hanging chain and some simple generalization
which we present in order to get a wider framework for understanding this system.
2 Normal Modes of the Hanging Chain
2.1 The Simple Hanging Chain
First we obtain the modes of the hanging chain with a lower free end and an upper fixed
one. As mentioned above, Eq. (1.4) is a Bessel equation with index 0, so its general
solution is given by the combination of the two independent Bessel and Neumann function
with index 0
u(z) = aJ0(z) + bY0(z). (2.1)
Since Y0(z) is singular at the lower end, it cannot contribute and b = 0. The natural
frequencies are therefore obtained by solving the condition obtained from imposing an
upper fixed end:
J0(z¯) = 0. (2.2)
The zeroes of the Bessel functions are tabulated in numerous sources and mathematical
packages. So if we designate the zeroes of J0(z) by ζn , we can get the following expression
for the natural frequencies of this system:
ωn =
1
2
√
g
L
ζn =
Ω
2
ζn (2.3)
2
n 1 2 3 4 5 6
ζn 2.40483 5.52008 8.65373 11.79153 14.93092 18.07106
ωn/Ω 1.20241 2.76004 4.32686 5.89577 7.46546 9.03553
Table 1: the first 6 zeroes and corresponding frequencies of the hanging chain
where we notice the appearance of the simple pendulum frequency Ω =
√
g/L. The
corresponding modes are therefore
un = aJ0(ζn
√
x/L) , 0 ≤ x ≤ L (2.4)
Table 1 gives the first 6 zeroes and corresponding frequencies of the hanging chain. Fig.
1 presents the first 4 modes of the hanging chain. All that is well-known for many years
[1, 2].
Now we move to the possibility of adding a boundary condition at the lower end.
The simplest possibility is a fixed lower end. If we insist on imposing a second boundary
condition u(0) = 0 , it is obvious that the only solution is u(x) = 0 . That is, there
exist no eigenmodes of the hanging chain with both ends fixed. Similarly, there exist no
solutions with the second popular kind of boundary condition u′(0) = 0.
We can however modify the system slightly in order to get some insight as to the
physical reasons behind this mathematical facts.
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Figure 1: The first 4 modes of the hanging chain. The scale is chosen such that all modes
have: (a) the same maximum displacement; (b) the same slope at x = L.
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2.2 The Hanging Chain with a Bead
The simplest modification is to add a small bead of mass m at the lower end of the
string. The string tension in this case is T (x) = mg + ρgx so Eq. (1.3) changes into
(µ+ x)g
∂2u
∂x2
+ g
∂u
∂x
+ ω2u = 0 (2.5)
where µ = m/ρ. This is the same as Eq. (1.3) up to a simple translation and therefore
can be transformed similarly to the same Bessel equation (1.4) by x = gz2/4ω2 − µ.
The general solution of Eq. (1.4) is u(z) = aJ0(z) + bY0(z) as before, but now the
lower point x = 0 does not correspond to z = 0 , but to z = z− ≡ 2ω
√
µ/g , so
Y0(z) is not excluded from the solutions. Note that the upper end corresponds now to
z = z+ ≡ 2ω
√
(L+ µ)/g. So in order to obtain the modes in this modified case we have
to impose the fixed end boundary conditions in exact analogy with the simple string
case, at both ends:
aJ0(z−) + bY0(z−) = 0 , aJ0(z+) + bY0(z+) = 0. (2.6)
These are two linear homogeneous equations for the coefficients a,b which have non-trivial
solution, as is well known, if the corresponding determinant vanishes:
J0(z−)Y0(z+)− J0(z+)Y0(z−) = 0. (2.7)
For a given L and m, this is an “algebraic” equation for the frequency ω which gets the
explicit form
J0(2
√
µ/L ω/Ω)Y0(2
√
1 + µ/L ω/Ω)−
J0(2
√
1 + µ/L ω/Ω)Y0(2
√
µ/L ω/Ω) = 0. (2.8)
Solving this equation can only be done numerically, although in a straightforward man-
ner. Let us define
f(µ¯, ω¯) = J0(2
√
µ¯ ω¯)Y0(2
√
1 + µ¯ ω¯)− J0(2
√
1 + µ¯ ω¯)Y0(2
√
µ¯ ω¯) (2.9)
and explore its zeroes in the rescaled µ¯, ω¯ plane. Although it is impossible to cover
numerically the entire (µ¯, ω¯) plane, mapping a sufficiently large portion of it will provide
us with a good understanding and quantitative results.
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Figure 2: The lower frequencies ω¯ = ω/Ω as a function of µ¯ = m/ρL for a hanging chain
with a bead: (a) fixed lower end; (b) free lower end - for explanation see towards the end of
the section.
Fig. 2(a) depicts the level curves of f(µ¯, ω¯) = 0 for the region 0 < µ¯ ≤ 2, 0 < ω¯ ≤ 24-
that is the lower frequencies as a function of µ¯. Part (b) of the figure is explained in
what follows. Note the different “quantization” patterns in the two cases.
As a simple check we notice that for large µ¯ the frequencies approach the simple
string ones
ωn =
√
mg
ρ
pi
L
n =
√
m
ρL
Ωpin , n = 1, 2, 3... (2.10)
obtained from Eq. (1.5) since the tension is almost constant and dominated by the bead
mass m.
The way to get the frequencies in this limit is to use the well-known asymptotic
expression for the Bessel and Neumann function:
Jν(z) ∼
√
2
piz
cos(z − npi
2
− pi
4
)
Yν(z) ∼
√
2
piz
sin(z − npi
2
− pi
4
). (2.11)
Using this approximation in Eq. (2.7) gives
2
pi
1√
z+z−
sin(z+ − z−) = 0 (2.12)
or z+ − z− = npi. Writing z+ and z− in terms of the physical parameters and expanding
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Figure 3: The first 4 modes of the hanging chain with a bead of µ¯ = 0.25. Fixed lower end.
in terms of µ¯ for µ¯ = µ/L = m/ρL >> 1 gives up to second order
ωn
Ω
√
ρL
m
(
1− 1
4
ρL
m
)
= npi. (2.13)
If we just ignore the second term in the brackets, we return to the frequencies of Eq.
(2.10) which are valid for a bead which is much massive than the string (chain), such that
the string tension is uniform (compare also with Eq. (1.5)). The lowest order correction
to the frequencies of Eq. (2.10) is obtained by the following expansion up to first order:
ωn =
√
mg
ρL2
npi
1− 1
4
ρL
m
≈ npi
L
√
mg
ρ
(
1 +
1
4
ρL
m
)
. (2.14)
This result contains the uniform tension contribution of (2.10) and an additional one of
the order of the ratio between the string mass ρL and the bead mass m.
A typical situation of the first 4 modes at an intermediate case where µ¯ = 0.25 is
shown in Fig. 3. The corresponding frequencies are obtained by finding numerically the
roots of f(µ¯, ω¯) of Eq. (2.9) - see also Fig. 2(a). The values of the first 4 ones are ω/Ω =
2.52155, 5.07251, 7.61757, 10.16095. Note the approximate harmonic law ω ≈ ω1n.
It is obvious that due to the different set of BC, the limit m→ 0 will not reproduce
the free case frequencies of Eq. (2.3). These are obtained as the limit of the frequencies
for the modes of the free lower end. The corresponding BC in this case is[
m
∂2ψ
∂t2
− T (x)∂ψ
∂x
]
x=0
= 0 (2.15)
which in terms of u(x) reads ω2u(0) + gu′(0) = 0 and becomes the following condition
on u(z):
2u′(z−) + z−u(z−) = 0. (2.16)
6
The modes of the free lower end case are therefore still given by the combination (2.1),
but now with the following set of conditions instead of Eq. (2.6):
a(z−J0(z−) + 2J
′
0(z−)) + b(z−Y0(z−) + 2Y
′
0(z−)) = 0 , aJ0(z+) + bY0(z+) = 0. (2.17)
We may simplify matters a little using the identity J ′0(z) = −J1(z) and similarly
Y ′0(z) = −Y1(z), and get the frequencies from the zeroes of
g(µ¯, ω¯) = [
√
µ¯ ω¯J0(2
√
µ¯ ω¯)− J1(2
√
µ¯ ω¯)]Y0(2
√
1 + µ¯ ω¯)
−[√µ¯ ω¯Y0(2
√
µ¯ ω¯)− Y1(2
√
µ¯ ω¯)]J0(2
√
1 + µ¯ ω¯). (2.18)
The level curves of g(µ¯, ω¯) = 0 for the region 0 < µ¯ ≤ 2, 0 < ω¯ ≤ 24 - that is the
lower frequencies as a function of µ¯ are shown in Fig. 2(b). Figure 4 presents the first
4 modes for µ¯ = 0.25 and a free lower end. The corresponding frequencies are ω/Ω =
1.11975, 3.04202, 5.37191, 7.82383.
The µ = 0 values of the curves in Fig. 2(b) indeed reproduce the frequencies of Table
1. In order to see this analytically, we should take the limit µ¯ → 0 in Eq. (2.18). The
function g(µ¯, ω¯) reduces in this limit to the product h(ω¯)J0(2ω¯) where
h(ω¯) = lim
µ¯→0
[Y1(2
√
µ¯ ω¯)−√µ¯ ω¯Y0(2
√
µ¯ ω¯)]. (2.19)
This function is not a constant, but it is negative definite for all 0 < 2
√
µ¯ ω¯ < 3.38424,
so for µ¯ → 0 the prefactor of h(ω¯)J0(2ω¯) becomes negative for all ω¯ and the zeroes
become those of J0(2ω¯). We thus recover the characteristics (2.2)-(2.3) for the simple
hanging chain.
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Figure 4: The first 4 modes of the hanging chain with a bead of µ¯ = 0.25. Free lower end.
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Note also that the BC on u(x) at the lower end, ω2u(0)+ gu′(0) = 0 holds also in the
m = 0 case and actually follows from the mode equation (1.3) for x = 0. The lower end
is therefore not entirely free; its slope and amplitude are related in a specific way which
also involves the frequency.
2.3 The Hanging Chain Held Fixed at a Point above the Lower
End
A second possibility to modify the fixed lower end BC is to choose the lowest node to be
somewhat higher above the lowest end, i.e. at x = x0 > 0. This is a non-singular point
of Eq. (1.3) and now solutions satisfying u(x0) = u(L) = 0 do exist. Actually, we do not
have to solve the equation again, but we may rather use the previous solutions for the
chain with the bead, since there is an obvious equivalence between the two systems: The
simple chain with u(x0) = u(L) = 0 is the same as the chain with a bead whose length
is L− x0 and the bead mass is m = ρx0, or µ = x0.
3 Conclusion
We have seen that the hanging chain is a very instructive system in order to demonstrate
the slightly more advanced methods and ideas used in order to analyze the normal
modes of one-dimensional systems. The too simple and too special cases of the ordinary
vibrating string are fine for a basic introduction of the matters, but may mislead the
student unless an explicit comparison with more “interesting” systems like the hanging
chain is carried out.
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